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Abstract 

In 1971, Grauert and Remmert proved that a commutative, complex, 
Noetherian Banach algebra is necessarily finite-dimensional. More pre- 
cisely, they proved that a commutative, complex Banach algebra has fi- 
nite dimension over C whenever all the closed ideals in the algebra are 
(algebraically) finitely generated. In 1974, Sinclair and Tullo obtained a 
non-commutative version of this result. In 1978, Ferreira and Tomassini 
improved the result of Grauert and Remmert by showing that the state- 
ment is also true if one replaces 'closed ideals' by 'maximal ideals in the 
Silov boundary of A'. We shall give a shorter proof of this latter result, 
together with some extensions and related examples. 

(2010) Subject classification: Primary 46H10; Secondary 46J10 



1 Introduction 
1.1 Notation 

The natural numbers and the integers are N and Z, respectively. For n € N, 
we set N n — {1, . . . , n}. The unit circle and open unit disc in the complex field 
C are T and B, respectively; the real line is R, and R + = {s 6 R : s > 0}. 
The algebra of all n x n matrices over C is denoted by M„; the matrix units in 
the matrix algebra M n are denoted by Eij for i,j g N n ; the identity matrix is 
denoted by i n . 

We write cq and £ p (for p 6 [1, oo]) for the standard sequence spaces on N; 
we write c = c © CI for the Banach space of all convergent sequences, where 
1 = (1,1,1,...). 

Let A be an (associative) algebra, always taken to be over the complex field. 
In the case where A does not have an identity, the algebra formed by adjoining 
an identity to A is denoted by A*; we take A* to be A in the case where A 
already has an identity. A linear subspace / of A is a left ideal if AI C J, a 
right ideal if I A C /, and an ideal if AI + I A C /. The Jacobson radical of an 
algebra A is denoted by J (A); J (A) is the intersection of the maximal modular 
left (or right) ideals of A, and it is an ideal in A. 
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Let S be a subset of A. Then the left ideal generated by S is the intersection 
of the left ideals of A that contain S; this left ideal is denoted by (S) . Clearly, 



aiSi : ai 



, . . . , CL n £ A^ , s 



s n e S, n 6 N 



I 



The left ideal 



g' 



;enerated by a finite subset {ai, . 



, a n } is equal to 



J = A t a 1 + ■■■ + A* a. 



"ft 3 



(1.1) 



and it is denoted by (ai, . . . , a n ). 

Let I be a left ideal in the algebra A. Then: I is countably generated if there 
is a countable set S with J = (5); I is finitely generated if there are elements 
Oi, . . . , a n in A with I — (oi, . . . , a„), and in this case, oi, . . . , a n are generators 
of /; / is singly generated (by a) if I = (a) for some a E A. 

An algebra A is left Noetherian if the family of left ideals in A satisfies the 
ascending chain condition; this is the case if and only if each left ideal in A is 
finitely generated. See [113 Chapter VIII], for example. 

1.2 The families 3 00(A) and il^A) 

Now suppose that A is an algebra. We denote by ^^(A) the family of all left 
ideals in A which are not finitely generated, and by Uoo (A) the family of all left 
ideals in A which are not countably generated, so that Hoc (A) C 3 00 (A). 

The result of Grauert and Remmert which was stated in the abstract can be 
formulated as follows. See the Appendix to §5 in |S]. 

Theorem 1.1. Let A be a commutative Banach algebra. Suppose that every 
closed ideal in A is finitely generated. Then A is finite dimensional. □ 

This theorem was generalized by Sinclair and Tullo 12 to the non-commutative 
case; we state their result as follows. 

Theorem 1.2. Let A be a Banach algebra. Suppose that every closed left ideal 
in A is finitely generated. Then A is finite dimensional. □ 

In the proof of their result, Grauert and Remmert used the following fact 
Bemerkung 2, p. 54]. Let / be an ideal in a commutative Banach algebra A, and 
suppose that the closure I of / is finitely generated. Then I is already closed, 
so that I = L. A non-commutative version of this result is proved by Sinclair 
and Tullo [HI Lemma 1], and this result is stated in [U Proposition 2.6.37], as 
follows. 

Theorem 1.3. Let A be a Banach algebra, and let L be a left ideal of A such 
that I is finitely generated. Then L is closed in A. □ 
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In fact, the result is stated for more general algebras than Banach algebras. 
Unfortunately, the proof of Proposition 2.6.37 in [4] is not correct. Let A be a 
Banach algebra, and take ncR We define 21 = M. n (A), the algebra of n X n 
matrices over A, so that 21 is also a Banach algebra with respect to the norm 
| • ||, where 

||a|| = max{||aji|| H h ||a in || :i = l,...,n} (a = (ay) G 21) ; 

in the case where the algebra A is unital, with identity e^, the element i — (iy), 
where ty = (Jye^ (i,j = 1, . . .,n) is the identity of 21. To prove Theorem 11.31 
we may suppose that A is unital. The proof in [3] refers to the 'determinant' of 
elements in 21; however, the determinant of such elements is only defined in the 
special case where A is commutative. Nevertheless, the proof in Lemma 1] 
is correct; we sketch the details. 

Let / be a left ideal in A with / = (ai, . . . , a„), where a±, . . . , a n G I. Then 
the open mapping theorem shows that there are b\ , . . . , b n € I and x = (#y ) G 21 
with 1 1 a; 1 1 < 1 such that 

di = h + xnai + h x in a n (i = 1, . . . , n) , 

and so (bx, . . . , b n ) = (i — af)(oi, . . . , a n ) in A n . Since i — x is invertible in 21, it 
follows that (ai, . . ., a n ) = (i — x)~ 1 (bi, . . . , b n ) G I n , giving the result. 

It follows that every left ideal in a Banach algebra A is finitely generated 
whenever this is true for each closed left ideal in A. 

For various generalizations of versions of Theorem II .21 to certain topological 
algebras, see [3 M EU ■ 

The following generalizations of Theorems 11.21 and 11.31 were given by Boudi 
in [U Proposition 1 and Theorem 3]. 

Theorem 1.4. Let A be a Banach algebra, and let I be a left ideal of A such 
that I is countably generated. Then I is closed in A. □ 

Theorem 1.5. Let A be a Banach algebra. Suppose that every closed left ideal 
in A is countably generated. Then A is finite dimensional. □ 

Corollary 1.6. Each closed, countably- generated left ideal in a Banach algebra 
is finitely generated. 

Proof. Let 7 be a closed, countably-generated left ideal in a Banach algebra A, 
say / = (S), where S = {a n : n G N}. For n G N, set J„ = (ai, . . . , a n ), so that 
J n C J n +i (n G N) and (J{ J„ : n G N} = /. By Baire's category theorem, there 
exists % 6 N such that int J„ ^ 0. But then J no = /, and so, by Theorem II AI 
J n is closed in A. Thus / = J n „ is finitely generated. □ 
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2 The general case 



2.1 The families Wl^A) and % 30 (A) 

In this section, we shall consider algebras which are not necessarily commutative. 

Let A be an algebra. Then the families 3 00(A) and Hoc (A), which were 
defined above, are each a partially ordered set with respect to inclusion. 

Theorem 2.1. Let A be an algebra. Then each member of the family 3oo(A) 
is contained in a maximal element of the family. 

Proof. Let C be a chain in the partially ordered set (3 00(A), c), each member of 
which contains the specified member of the family, and define I = (J{J : J E C}, 
so that / is a left ideal in A. 

Assume towards a contradiction that / is finitely generated, say / = (aj., . . . , a n ), 
where a%, . . . , a n G /. Then there exists J G C such that 01, . . . , a n G J, and 
hence J = (ai, . . . ,a n ) is finitely generated, a contradiction. Thus / 6 3oo(A). 
Clearly, / is an upper bound for C. 

It follows from Zorn's lemma that 3oo(A) contains a maximal element, and 
that this maximal element contains the specified member of the family. □ 

The following theorem applies only to Banach algebras. 

Theorem 2.2. Let A be a Banach algebra. Then each member of the family 
iloo (A) is contained in a maximal element of the family. 

Proof. As above, consider a chain C in the partially ordered set (iloo(^4), c), 
and define / = 1J{J : J G C} . Then / is a left ideal in A and / is a closed left 
ideal in A. 

Assume towards a contradiction that I is countably generated. By Corollary 
11.61 / is finitely generated. By Theorem 11.31 / is closed, and so / is finitely 
generated. As in Theorem [2Tl this is a contradiction. Thus / G iloo (A) . Clearly, 
/ is an upper bound for C in iloo (A), and so Zorn's lemma again applies. □ 

The sets of maximal elements in 3 00 (A) and iloo (A) are denoted by 5D?oo (A) 
(for an algebra A) and Otoo(^l) (for a Banach algebra A), respectively. 

Corollary 2.3. Let A be an infinite- dimensional Banach algebra. Then the 
families DJloo(A) and ^^(A) are non-empty and equal, and each member of 
this family is closed. 

Proof. Clearly, both families are non-empty and each member of either of these 
families is closed because, by Theorem ll.41 their closures belong to the respective 
families. 

Take M G DJloo(A). Then M G 3oo(A), and so there exists an element 
N G DToo^) with M C N. The closed left ideal N is not finitely generated, and 
so, by Corollary 11.61 N is not countably generated. Thus N G 3 00(A), and so 
M = N emoo(A). 
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Take N G % X (A). Then N G 3 00(A), and so there exists an element M G 
Moo(A) with N CM. By CorollaryHH M G iloo(^), and so N = M G Moo(A). 
We have shown that M^iA) = %>o(A). □ 

We wish to study the following conjecture. 

Conjecture Let A be a united Banach algebra. Suppose that all maximal left 
ideals are finitely (or even singly) generated in A. Then A is finite dimensional. 

We remark that this is a question about Banach algebras, not a purely alge- 
braic question. For consider a large, infinite-dimensional field F containing C. 
Then F has only one proper ideal, namely {0}, and this is finitely generated, but 
F is not finite-dimensional over C. However, by the Gel'fand-Mazur theorem 
[H Theorem 2.2.42], such a field F cannot be a Banach algebra. 

The above conjecture is considered in [5] in the special case in which A = 
B(E), the Banach algebra of all bounded linear operators on a Banach space 
E, and it will be established there for 'many' Banach spaces. The question is 
left open for the Banach algebra B(C(T)), where C(I) is the Banach space of all 
continuous functions on the closed unit interval I. 

We make the following remark about a special case of the conjecture. Let A 
be a unital C*-algebra. Then it can be shown rather easily that each finitely- 
generated left ideal in A is singly generated by a self-adjoint projection, and 
then that A is finite dimensional whenever each maximal left ideal is finitely 
generated, and so our conjecture holds for the class of C*-algebras. 

Let A be a unital Banach algebra, and take M G DJloo(A). One might 
suspect that M is necessarily a maximal left ideal in A; if this were true, then 
our conjecture would be immediately positively resolved. However this is not 
true. Trivially, it is true in the special case where codimM = 1; the following 
example shows that it need not be true in the case where codimA/ = 2. 

Example 2.4. We begin with the unital, three-dimensional algebra B which 
consists of the upper-triangular matrices in M 2 . Thus we identify 

B = Cp © Cq © Cr , 

where 

p= (o 0)' q= {o l)' r= ( 

Hence the product in B is specified by 

p 2 = p, q 2 = q, pq = qp = 0, r 2 — 0, pr — rq — r, rp = qr = . 

The identity of B is e = p + q; the radical of B is J(B) = Cr. 

We define M = Cp. Then M is a left ideal in B of codimension 2. 

We further define / = Cp © Cr and J = Cq © Cr. Then both / and J are 
left ideals in B of codimension 1, both are maximal left ideals, and they are 
the only two maximal left ideals in B. Clearly, M C I, but M <f_ J; further, 
I n J = Cr = J(B). Since MCI, the left ideal M is not a maximal left ideal. 



) ■ (2-1) 
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We define 



||op + (3q + 7 r|| = max{H , , | 7 |} (a, 0, 7 € C) . 

Then (B, || • ||) is a Banach algebra with ||e|| = 1. 

We now take (E, \\ ■ ||) to be an infinite-dimensional Banach space, and set 
K = EQ)EQ)E(BE; a generic element of K is regarded as a 2 x 2 matrix 

X (■'-■ 

where 0:1,1, 0:1,2, 0:2,1, 2:2,2 G E, and so if = M 2 {E) as a linear space. The norm 
on if is given by 

||x|| = ||o;i,i|| + ||o: 1 ,2|| + ||o:2,i|| + ||o:2,2|| (x G if) , 

so that (if, || • ||) is a Banach space. 

The left and right actions of B on if are given by 'matrix-multiplication on 
the left and right', respectively; these actions are denoted by • . Clearly, these 
are associative actions, and (if, • , || • ||) is a unital Banach i?-bimodulc. 

We now define the linear space A — B © if , with the norm given by 

||(6,x)|| = ||6|| + ||x|| (6eS,xgif) 

and the product given by 

(6, x) (c, y) = (6c, b ■ y + x • c) (b, c e -B, x, y G K ) . 

Then A is a unital Banach algebra, with identity (e, 0). We regard B and K as 
subspaces of A; clearly, K is an ideal in A. 

The space K satisfies K 2 = {0}, and so K C J(A). Thus 

J(A) = Cr if . 

There are just two maximal left ideals in A; they are I + if and J + if , and 
(7 + if ) n (J + if ) = J (A). The closed left ideal M + if has codimension 2 in 
A; the only maximal left ideal that contains M is I + if . 

We c/azm that i + if is a finitely-generated left ideal of A; indeed, we claim 
that I + if = Ap + Ar. Since p,r € I, we have Ap + Ar C I + K. Certainly, 
p, r G Ap + Ar, and so i C Ap + Ar. Now take x G if . Then 

*=(s: !)(; o)+(s s)(s 

and so if C ^4p + Ar, giving the claim. 

We also claim that M + if is not finitely generated. Indeed, assume towards 
a contradiction that 

n 

if cAp + Y, Ax {k) , 
fc=i 



G 



where x«, . . . , € K. Since K 2 = {0} and Bp C\K = {0}, in fact 



K C Kp + y^-Bx 



k=l 



In particular, for each i £ J?, there exits ak,(3ki"/k G C for = 1, . . . , n such 
that 



and so 

n 
fc=l 

This shows that E 1 is spanned by {^2 2; ■ ■ ■ i 2 -^}' a contradiction of the fact 
that E is infinite dimensional. This gives the claim. 

Thus M + K G yrtoo(A), but M + K is not a maximal left ideal of A. 

We also note that the maximal left ideal J + K oi A is not finitely generated, 
and so our example is not a counter-example to our conjecture. 

Indeed, assume towards a contradiction that 

n 

K c Aq + Ar + ^ AyS k) , 
fe=i 

where x' 1 ), . . . , x( n ) G By considering the element 

"a; 


of i^, we see that E is spanned by {aij 1 ], . . . , x^\,x^\, . . . , x^}, again a con- 
tradiction of the fact that E is infinite dimensional. □ 

Let A be a unital Banach algebra. For a positive resolution of the above 
conjecture, we must prove that, whenever there exists an element M G DJtoc(A), 
A contains a maximal left ideal that is not finitely generated (but this ideal 
need not contain M). There is an algebraic argument that does establish this 
in the special case where M has finite codimension in A. 

Lemma 2.5. Let I be a left ideal in M. n , where n G N. Then: 

(i) dim / = kn for some k G {0, . . . , n}; 

(ii) I is a maximal left ideal if and only i/codim/ = n in M„; 

(iii) in the case where I is proper, there exists i £ C" with i/O such that 
ax = (a £ I). 

Proof. By [TT] Exercise 3, p. 173], there is a bijective map 

Fh>{b6M„:(h = (x G F)} 

from the family of linear subspaces of C n onto the family of left ideals of M„. 
The result follows easily from this. □ 
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Lemma 2.6. Let A be a unital algebra with an ideal L such that A/L = M n 
for some n G N. Suppose that each maximal left ideal in A that contains L is 
finitely generated in A. Then L is finitely generated as a left ideal in A. 

Proof. We identify A with M n © L as a linear space, and denote the product of 
matrices in M „ by 

Take j G N„. Define Pj = i n — Ej.j, where we recall that (Ei.j) is the set 
of matrix units of M„, and set Mj — (Pj) C M„, so that Mj is the space of 
matrices with zeros in the j th column. By Lemma I2.5f ii). Mj is a maximal 
left ideal in M„, and so Mj + L is a maximal left ideal in A. By hypothesis, 
Mj + L is finitely generated in A, and so there is a finite subset Sj in L such 
that L = AP 3 + (Sj). 

Set S = Si U • • • U S n , a finite subset of L. Then 

L c APj + (S) {j e N„) . 

By enlarging S, if necessary, we may suppose that S contains the difference 
between the products in A and M„ of any two matrix units Ei_j in M„, and so 
we have 

L c M„ • P 3 + LPj + (S) (j e N„) • 

Since LPj + (S) C L (where we note that L is a right ideal) and since (M„ ■ 
n L = {0}, it follows that 

L = LPj + (5) (j S N„) • 

Set T = S U 5Pi U • • • U SPn, a finite subset of L. Then we now have 

L = LP 1 + (S) = {LP2 + (S))P 1 + {S)=LP 2 Pi + {SUSP 1 ) 



= LP n ---P 1 + (T) = (T) 

because the product of P n , . . . , P\ in M„ is zero, and so the product in A is an 
element of T. 

This proves the result. □ 



Lemma 2.7. Let A be a unital algebra, and take ideals I , J , and L in A such 
that L = IJ + JI . Suppose that L and J are finitely generated as left ideals in 
A. Then L is a finitely- generated left ideal in A. 

Proof. Suppose that / = Ax\ + • • • + Ax m and J — Ayi + ■ ■ ■ + Ay n , where 
xi,...,x m e L and y x , . . . , y n G J. Then 

x lV] e LJ cl (i G N m , j G R n ) ■ 

Take x G I and y G J. Then y — a jVj f° r some a%, . . . , a n G A. For each 

j G N„, we have xaj G /, and so 

m 

xOij — ^ b^^jXi 

i=l 
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for some . . . , 6 m j € A. Hence 

i=l 3=1 

where 5i is the finite set {xiUj : i G N m , j G N n }. It follows that IJ C (Si). 
Similarly, we see that 31 C (52), where 52 is the finite set {j/jX, : i G N m , j G 
N„}. 

It follows that L is generated by the finite set Si U 52- □ 

Lemma 2.8. Lei A be a unital algebra, and let L be an ideal in A of finite 
codimension such that A/L is semisimple. Suppose that each maximal left ideal 
in A that contains L is finitely generated in A. Then L is finitely generated as 
a left ideal in A. 

Proof. By Wedderburn's theorem [H Theorem 1.5.9], we have A/L = M ni 

• • • ffi M nk for some m, . . . , G N. For j G N k , set 

/ i = 0{M„ i :zeN fe , i^j} + L, 

so that Ij is an ideal in A with A/L,- = M n .. By Lemma [2 . 61 each Ij is a 
finitely-generated left ideal in A. 

Take j G Nfe. The identity matrix in M n . is now denoted by pj , and so the 
identity of A has the form pi + ■ ■ ■ + Pk + %o for some xq G L. 

Take ji, j2 G Nfc with ji ^ j 2 - Clearly Ij 1 Ij 2 + C /j t n I J2 . Now take 

x G Ij 1 n 7j 2 . We have 

X = (pi H hpfe + a; )x G I 3l I 32 + I j2 I jl 

because each pi for i G N„ belongs to cither Ij 1 or to Ij 2 (or to both) and 
.To G Ij 1 (~1 Ij 2 . Thus n L J2 G 7j 2 + Ij 2 Ij 1 . We have shown that Ij x Ij 2 + 
Ij-ilji — Iji ni"j 2 . By Lemma Jjj n/j- 2 is a finitely- generated left ideal in A. 
By repeating this argument finitely many times, we see that the ideal Ii n 

• • • fl I n is a finitely generated left ideal in A. However, Ii fl • ■ • H = L, and 
so L is finitely generated as a left ideal in A. □ 

Lemma 2.9. Let A be a unital algebra, and let K be an ideal in A of finite 
codimension. Suppose that each maximal left ideal in A that contains K is 
finitely generated in A. Then K is finitely generated as a left ideal in A. 

Proof. By Wedderburn's principal theorem [H Corollary 1.5.19], A/K — B (B R 
for a subalgebra B which is a direct sum of full matrix algebras and an ideal R 
which is the radical of A/K. We identify A with B R © K as a linear space. 
The ideal R is nilpotent in A/K, say R n = {0} in A/K, and so R n C K in A. 
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Set L = R + A . Then L is an ideal of A such that A/L is semisimple, and 
so, by Lemma \2. 81 L is finitely generated as a left ideal in A. Thus there exist 
n , . . . , r m G A and a finite subset S 1 of A such that 

A C Ar x + h Ar m + (S) . 

By enlarging S, if necessary, we may suppose Br\ , . . . , i?r m C S and that 5 
contains any product • • • for any ii, . . . , G N m and A; G N n ; the enlarged 
set 5 is still finite. Thus we see that 

n 

K C Kr i + ( S ) ■ 

i=l 

But now 

m m 

Kc K ril n 2 + (S) c ■ ■ ■ c Kr h---n n + (S) = (S). 

Thus is finitely generated as a left ideal in A. □ 



Theorem 2.10. Let A be a united, infinite- dimensional algebra, and suppose 
that some element of VJtoo(A) has finite codimension in A. Then one of the 
maximal left ideals in A is not finitely generated. 

Proof. We suppose that DJloo(A) is such that codimAf = n, where n G N, and 
we identify A/M with C" as a linear space. The identity of A is denoted by e. 
For each a £ A, set T a (b + M) = ab + M {b G A). Then 

e:a^T a , A^M n , 

is a unital homomorphism, and its image 9(A) is a unital subalgebra of M„. 
Define 

K = ker 9 = {a G A : aA c M } , 

so that AT is an ideal in ^4 of codimension at most n 2 . For each a £ A, we have 
a = ace M, and so K C M. Clearly M/if is a left ideal in A/A'. 

Assume towards a contradiction that each maximal left ideal in A is finitely 
generated. By Lemma K is finitely generated as a left ideal in A, and so M 
is also finitely generated as a left ideal in A because Mj A is a finite-dimensional 
space, a contradiction of the hypothesis. 

Thus A contains a maximal left ideal that is not finitely generated. □ 

We now introduce a slightly complicated algebraic condition. 

Theorem 2.11. Let A be an algebra. Suppose that L is a left ideal in A with 
the property that there exist a,b G A \ L such that ba G L and la C A Then L 
does not belong to either SlJtoo (A) or ii oc (A). 
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Proof. Assume towards a contradiction that I G 97100(A). We note that the 
every left ideal J that properly contains I is finitely generated. 
Take a and b as specified. 

Consider the left ideal A"a + I of A. Since a £ I, the left ideal A'a + I 
properly contains I, and so is finitely generated, say 

A i a + I= b m >, 

where b\, ... , b m G A^a+I. Each element bi has the form a^a + Ui, where <2j G A" 
and G /, and so A" a + J = (a, Ui, . . . , u m ). 

Define J = (iti, . . . , u m ) C /, so that A" a + J = A"a + J, and define K = 
{c G A : ca G /}. Then is a left ideal in A, and I C K because la C I. 
Further, we claim that / C Ka + J. For take x G /. Since / C A^a + J, there 
exist c G A" and j £ J with x = ca + j. Then ca = a; — j G /, and so c G K . 
giving the claim. Since Ka + J C J, it follows that ifa + J = I. 

Since b E K \ I, we have I C. K, and so -fT is finitely generated, say if = 
(ci, . . . , c„), where ci, . . . , c n G A. But now 

J = (ci<2, . . . , c„a, ui, . . . , u m ) , 

and so / is finitely generated, a contradiction. Thus / g" DJloo(A). □ 

Theorem 2.12. Le£ A &e a Banach algebra. Suppose that I is an ideal in A 
and that I G SUt^A). T/ien either I is a maximal modular ideal of codimension 
1 in A or I = A. 

Proof. We consider the case where I ^ A. By Corollary 12.31 / is closed. 

Since / is a closed ideal in A, the space A/I is a Banach algebra. Each 
non-zero, left ideal in A/I has the form J/I, where J is a left ideal in A with 
J D I. Since J is finitely generated in A as a left ideal, the ideal J/I is a 
finitely- generated left ideal in A/ 1, and so 3 00(A) I) is empty. By Theorem II .21 
Aj I is a finite-dimensional algebra. 

Suppose that A// is semisimple. Then A/ 1 is a finite direct sum of matrix 
algebras. Assume towards a contradiction that dim A/ 1 > 2. Then there are 
idempotents p and q in A// with pq = 0, and so there are a, 6 G A \ / with 
ab G /. Since la C I, it is immediate from Theorem 12.111 that / ^ 9Jtoo(A), 
a contradiction. Thus dim A// = 1, and so / is a maximal modular ideal of 
codimension 1 in A. 

Assume towards a contradiction that A/I is not semisimple. Since the rad- 
ical of A/ 1 is finite dimensional, there exists a E A \ I with a 2 G /, again a 
contradiction of Theorem 12. Ill 

Hence / is a maximal modular ideal of codimension 1 in A. □ 
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3 The commutative case 



3.1 Finitely-generated maximal ideals 

We shall now consider commutative Banach algebras. 

Theorem 3.1. Let A be a commutative, united Banach algebra. Suppose that 
each maximal ideal in A is countably generated. Then A is finite dimensional. 

Proof. Since maximal ideals in A are closed, each maximal ideal in A is finitely 
generated by Corollary II .61 

Assume towards a contradiction that dJloo(A) ^ 0, and then take I € 
9Roo{A). Since A is unital, with identity e^, say, A itself is singly generated by 
eA, and so I ^ A. By Theorem 12.121 7 is a maximal ideal in A. Since each 
maximal ideal is finitely generated, we have a contradiction, and so dJloo(A) = 0. 
By Corollary 12.31 A is finite dimensional. □ 

The above theorem requires that A be unital, and this condition cannot be 
dispensed with. For let A be the commutative, radical algebra i 1 ([0, 1]), with 
convolution multiplication, as in [4j Definition 4.7.38]; thus A is the Volterra 
algebra. Then A has no maximal ideals, but A is infinite dimensional. 

Let A be a commutative Banach algebra. It can happen that the sets dJloo(A) 
has just one element, whilst the maximal ideal space of A is infinite. For exam- 
ple, let A be the algebra c, so that c is a commutative, unital Banach algebra. 
A maximal ideal of c of the form 

M k = {(xi) G c : x k = 0} , 

where k € N, is generated by the sequence (aj), where = and a* = 1 (i ^ k). 
The only other maximal idea of c is 

Co = {(xi) E c : lim x t = 0} , 

i— too 

and this ideal is not finitely generated, and hence not countably generated. 

3.2 The Silov boundary 

We first recall some standard notation; see |3J Chapter 4], for example. 

Let if be a non-empty, compact space. We write C(K) for the space of all 
continuous functions on K with the pointwise operations, and set 

|/| JC = sup{|/(a:)| :xEK} (f&C(K)), 

so that (C(K), | • |^-) is a commutative, unital Banach algebra. A unital sub- 
algebra A of C{K) that separates the points of K and is a Banach algebra for 
some norm | • | is a Banach function algebra on K; A is a uniform algebra if it 
is closed in (C(K), | • \ K ). 
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A Banach function algebra A on K is natural if every character on A has 
the form s x : f t-> f(x) for some x G K or, equivalently, each maximal ideal of 
A has the form M x = {f € A : f(x) = 0} for some 

Let A be a commutative, unital Banach algebra, and let $,4 be the character 
space of A as in 0], so that is identified with the maximal ideal space of A; 
the maximal ideal corresponding to a character ip G $,4 is M„ = kert^. It is 
standard that is a compact space in the relative weak-* topology a(A',A) 
and that the Gel'fand transformation maps A onto a Banach function algebra 
A which is natural on $^4. 

Let A be a natural Banach function algebra on a compact space K. A closed 
subset F of K is a peak set if there exists / € A such that |/(x)| = 1 (x G F) 
and \f(y)\ < 1 (y £ K\ F); in this case, / peaks on F; a point x G K is a peafc 
point if {2} is a peak set, and a strong boundary point if {a;} is an intersection 
of peak sets; the set of strong boundary points of A is denoted by Sq(A). A 
countable intersection of peak sets is always a peak set, and so, in the case where 
K is metrizable, Sq(A) is the set of peak points of A. (However even a uniform 
algebra may have strong boundary points which are not peak points.) A subset 
S of K is a boundary if S D F ^ for each peak set F of A; the intersection of 
all the closed boundaries of A is a closed boundary, called the Silov boundary 
and denoted by T(A) [H Definition 4.3.1(iv)]; for x G K, we have a; G r(^4) if 
and only if, for each open neighbourhood U of a; in K, there exists / G A with 
I/Ik > \f\x\u 4, Theorem 4.3.5]. 

In the case where A is a natural uniform algebra on K, the Choquet boundary 
of A is defined in [4j Definition 4.3.3]; by [4j Theorem 4.3.5], it coincides with 
the set So(A); by [4j Proposition 4.3.4], So(A) is a boundary for A and, by [H 
Corollary 4.3.7(i)], So (A) is a dense subset of r(A). 

Let A be a commutative, unital Banach algebra. Then we define T(A) to be 
T(A). 

The following two results are essentially Corollary 1.7 of [7], where an anal- 
ogous result for more general topological algebras is proved. 

Theorem 3.2. Let A be a commutative, unital Banach algebra. Suppose that 
<p G T(A) and the ideal M v is countably generated. Then ip is isolated in <&a- 

Proof. Since M v is a closed ideal in A, it follows from Corollary 11.61 that M v is 
finitely generated. 

By a theorem of Gleason (e.g., see [T3l Theorem 15.2]), there is an open 
neighbourhood U of ip in $^4 and a homeomorphism 7 from U onto an analytic 
variety V in a polydisc A in C n for some n G N such that, for each a G A, there 
is a holomorphic function F on A such that a = F o 7 on U. 

We have dll C K \ L, where dll denotes the frontier of U. Assume that 
dll ^ 0. Then there exists z G V such that |-F(z)| > l^lgy f° r a holomorphic 
function F on A, a contradiction of the maximum principle for holomorphic 
functions on varieties (9) III, Theorem 16]. Thus dU = and U is compact. 
Hence V is compact. But there are no compact, infinite varieties in C™, and so 
V and U are finite. Thus ip is isolated in $^4. □ 
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Theorem 3.3. Let A be a commutative, unital Banach algebra. Suppose that 
M v is countably generated for each ip G T(A). Then A is finite dimensional. 

Proof. Since T(A) is compact and each point of T(A) is isolated in $^4, the 
set T(A) is finite, and hence &a = T(A). By Theorem 13.11 A is finite dimen- 
sional. □ 

One might suspect that DJloo(A) C F(A) for a commutative Banach algebra 

A, but the following examples show that this is not necessarily the case. 

Example 3.4. Let A be an infinite-dimensional, commutative, unital Banach 
algebra that is local, so that the unique maximal ideal in A is J (A). Then J (A) 
is not finitely generated. 

However an infinite-dimensional radical of a commutative, unital Banach 
algebra can be singly generated. For example, let B be any infinite-dimensional, 
commutative, unital Banach algebra, with identity e, and let A be a unital 
subalgebra of B. Set 21 = A © B, with 

||M)|| = |N + IHI (aeA,beB) 
and product defined by 

(a 1 ,bi)(a 2 ,b 2 ) = (01.02, aib 2 + a 2 h) (01, a 2 G A, bi, b 2 G B) . 

Then 21 is a commutative Banach algebra with identity (e, 0). In the case where 
A = B is semisimple, J(2t) = {0} © B, which is infinite-dimensional; here the 
radical J (21) is generated by (0, e) because (0, b) = (b, 0)(0, e) (6 G B). 

Now suppose that B = C(D), the uniform algebra of all continuous functions 
on D, and that A = A(B), the disc algebra, consisting of the functions in C(O) 
that are analytic on D. Then $ >2l = D and T(2l) = T. We recall that 

{feA;f(0)=0} = ZA, 

where Z is the coordinate functional. Set 

M ={(/,<?) G 21 :/(0) = 0}. 

Then M is a maximal ideal of 21, and it corresponds to a character on 21 which 
is not in T(2l). 

We claim that the ideal M is not finitely generated in 21. Indeed, assume 
towards a contradiction that M is finitely generated. Then we can suppose that 
the generators are (Zfi,gi), (Zf k ,g k ), where /1, . . . , f k G Aandgi, ...,gu G 

B. Thus, for each g G B, there exist r%, . . . ,r k G A and si, . . . , s k G B such 
that 

k 

(0,g)=J2( r i,s i )(Zfi, 9i ). (3.1) 
i=i 

Set F — lin{<7i, . . . , g k }, a finite-dimensional subspace of B. Since Ti — 7"j(0)l G 
ZA, it follows from that g G ELi r *(°).9» + ZB - Thus B — F + ZB. 
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However it is not true that B/ZB is a finitc-dimcnsional space; for example, 
the set {\Z\ 1/n + ZB : n £ N is linearly independent in B/ZB. This is the 
required contradiction. 

Hence M £ 9Jtoo(2t), but M g r(2t). □ 

We now present a natural uniform algebra A for which we have ^Sloo(A) (jL 
T(A). 

Example 3.5. Let A be a unital, commutative Banach algebra, and take p £ 
$a; set M = M v . 

Suppose that M = (A,...,/„). Then dim(M/M 2 ) < n. Indeed, for each 
/ £ M, there exist g 1: ...,g n with / = YJj=i9jff, f° r 3 = l,...,n, write 
9j = 9j{ i P)^ + hj, where hj £ M. Then 

n 

and so M/M 2 = lin{/i+M 2 , . . . , f n + M 2 }. Thus the space of point derivations 
at ip is finite-dimensional. 

Now let X = n^Li^nj where each A„ is the closed unit disc, and let 
A be the tensor product of countably many copies of the disc algebra, as in 
p~3] Theorem 14.3]. Then A is semisimple, the character space of A is X, 
and the Silov boundary is T(A) = Yi^Li^n, where each T„ is the unit circle. 
The character corresponding to evaluation at the point = (0, 0, ... ) is not 
in T(A). Let M be the corresponding maximal ideal. Then each / e M is 
an analytic function in each of the coordinate functionals Z\, Z2, ■ ■ ■ , and each 
linear functional d n : f n> (df/dz n )(0) is a (continuous) point derivation at 
0. Since these linear functionals are linearly independent, it is not true that 
dim(Af/Af 2 ) is finite, and so M is not finitely generated. □ 



3.3 Strong boundary points 

Let A be a be natural Banach function algebra, and now suppose that the 
closed ideal M v is countably generated for each ip £ Sq(A), rather than for each 
(f £ T(A). Is it still true that A must be finite dimensional? First we claim 
that this is true when A is a uniform algebra (and when the number of isolated 
points in $^4 is countable). 

We write 5 V for the characteristic function of the singleton set {<p} when 
ip £ <f>A- By Silov's idempotent theorem [H Theorem 2.4.33], 8 V £ A whenever 
ip is isolated in $,4. 

Theorem 3.6. Let A be a uniform algebra on Suppose that So(A) is 

countable and that the maximal ideal M v is countably generated for each ip £ 
So (A). Then A is finite dimensional. 
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Proof. We set S (A) = {tp n : n G N}. By Theorem EOl each point ip G S {A) is 
an isolated point of $,4, and so Sq(A) is open in $>a- 

Assume towards a contradiction that we have So (A) ^ §a, and set L = 
®A \ Sq (A), a non-empty, compact subset of &a- Clearly each isolated point is 
a peak point of $,4, and so in Sq(A). 

Consider the function 

00 

/:=!-£ -<W ' 

n=l 

so that / € A. At each </j G So{A), we have |/(y)| < 1, and, for each ip G £, we 
have /(<£>) = 1. Hence L is a peak set for A. Since So(A) is a boundary for A, 
Sq(A) nl^i, a contradiction. Thus 5 (A) = 

It follows from Theorem 13.31 that A is finite dimensional. □ 

We do not know if the above theorem holds in the case where So (A) is not 
necessarily countable. 

Let A be a uniform algebra, and let ip G Sq(A). Then it is easy to see that 
the following are equivalent without resource to Gleason's theorem, which was 
used in the proof of Theorem 13.21 

(a) M v is singly generated; 

(b) M v is countably generated; 

(c) cp is isolated in $,4. 

It is sufficient to prove that (b) => (c). Thus, suppose that M v is countably 
generated, and assume towards a contradiction that if is not isolated in $^4. 
Then it is easy to see that, given any countable set S in M v , there exists 
p G C(<&a) such that such that |f>|$ < 1 and lim^,- > . lp p('t/j)/g(ip) — 00 for 
each g e (S). By [13j Theorem 20.12], there exists / G A with f(ip) = 1 and 
|/(V>)| < 1 - p(ip) for each -0 G ®A with ip ^ ip. But now 1 - / G M v , but 
l-/0<5>. 

Thus we have a direct proof of Theorem 13.61 avoiding Gleason's theorem. 

Let u>i be the first uncountable ordinal, set A = C([0, Wi]), and consider the 
maximal ideal M bJl . Then the above remark shows that M u>1 is not countably 
generated. This is related to [16l [17] . 

We show finally that the above theorem does not hold if we replace 'uniform 
algebra' by 'Banach function algebra'. 

Example 3.7. Since our example is rather long, we divide the construction 
into a number of steps. 

(1) The set K . Our first step is the construction of a certain compact subset 
K of the plane. We start with ID, the closed unit disc. For each n G N, wc 
consider the circle r„ of radius 1 + 1/n. Then we place n points equally spaced 
on r„. The totality of these points is U, and the union of U with D and with 
T form the sets K and L, respectively. Clearly K and L are compact, U is the 
set of isolated points of K, L = U, and the interior of K is the open disc D. 
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(2) The algebra B. We now define a natural Banach function algebra B 
of quasi-analytic functions on 10. For the general theory of such Banach func- 
tion algebras, see [U §4.4]; the specific example that we require is given in [5J. 
Thus (B, || • \\ B ) is an algebra of infinitely-differentiable functions on D such that 
\\g || B < oo, where || • || B is specified by the formula 



oo 

T tt g (k) (geB 



for a suitable sequence (Mk '■ k G Z + ). The norm is chosen so that (B, \\ ■ \\ B ) is 
a natural Banach function on ID and such that the algebra B is quasi-analytic, 
in the sense that g — whenever g G B is such that g^(zo) — (j e Z + ) for 
any point zq G D. [In fact, we can take Mk = kl log 2 • • • log(fc + 2) for fc G N, 
with Mq = 1, for example.] 

We note that the uniform closure of the algebra B is A(TD>), the standard 
disc algebra, a natural uniform algebra on D. 

(3) The algebra C . Next, we consider the Banach function algebra C = Lip L 
of Lipschitz functions on L. These Lipschitz algebras are also discussed in [4, 
§4.4]. Thus C consists of the continuous functions on L such that || • || c < oo, 
where || • || c is specified by the formula 

\\h\\ c = \h\ L + sup( l/( f :z,weL,z^w 
I \z — w\ 

It is shown in [4j Theorem 4.4.24] that C is a natural Banach function algebra 
on L. Clearly the uniform closure of C is C(L). 

(4) The algebra A. We now form a Banach function algebra A which is the 
combination of B and C. Indeed, 

A = {/ e C(K) : f 1 1 e B, f \ L e C} . 

The norm || • |L on A is specified by 

||/|| A =max{||/|B|| B , ||/|L|| C } (/ G A) . 

We see that (A, || • H^) is a Banach function algebra on K. 

(5) The algebra 21. We next look at the functions / € A such that 

hm IM^IM = f {zo) (3.2) 

n^oo x n — Zq 

whenever zq G T and (x n ) is a sequence in U with limn^oo x„ = zq. These 
functions / clearly form a subalgebra, say 21, of A. 

We claim that 21 is a closed subalgebra of A. Indeed, take a sequence (/&) in 
21 such that — > f in (A, || • |L). To see that / G 21, take zo G T and a sequence 
(a;„) in U with limn-j.oo a;„ = z$. Fix e > 0. Since ||/fc | D — / | © B — >■ 0, there 
exists fci G N such that 

|/fc(%)- (*>*i). 
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Since \\fk \ L — / | L\\ c — > 0, there exists such that 




< e (fc > fc 2 ) . 



Set kg — maxjfci, k 2 }- Then there exists no £ N such that 



fk {x n ) ~ fk (zo) 



fk ( z o) < e {n>n ). 



x„ - z Q 



Hence 



f{Xn) ~ f(z ) 



f(z ) <3e (n>n ). 



x n - ZQ 



It follows that lim n ^. 00 (f(x n ) ~ f(z ))/ (x n - z Q ) = f(z Q ), and so / £ 21, giving 
the claim. 

Since 21 contains the restrictions to K of the polynomials, it is clear that 
21 contains the constants and separates the points of K, and so 21 is a Banach 
function algebra on K. Since 21 also contains 6 Z for each z £ U, it is easy to sec 
that the uniform closure of 21 is A(K), the algebra of all continuous functions 
on K that are analytic on intiT = O. 

(6) The naturality of 21. We next claim that 21 is natural on K. It is a 
general result that it suffices to prove: (i) for each / € 21 such that Z(/) = {z E 
L : f(z) = 0} is void, it follows that 1// £ 21; (ii) the uniform closure A{K) 
of 21 is natural on K. (This follows immediately from [U Proposition 4.1.5(i)].) 
Clause (ii) is a standard result of Arens [U Theorem 4.3.14]. For (i), take / G 21 
with Z(/) = 0, and set g = 1/f £ C{K). Since -B and C are each natural, it 
follows that 5 | D £ B and <? | L £ C, and hence g £ A. It is clear that g satisfies 
equation (|3.2j) . and so g £ 21. Thus 21 is natural on K. 

(6) TTie peafc points ofWt,. Certainly each point of U is an isolated peak point 



We now claim that there are no other peak points. It is enough to show that 
the point z = 1 is not a peak point. 

Assume towards a contradiction that / £ 21 and that / peaks at 1, say with 
/(l) = 1. Then / | D = 1 + g for a certain function g £ B. The function g is 
not zero, and so, since B is a quasi- analytic algebra, there exists k £ N such 
that <7^(1) 7^ 0, where the derivative is calculated with respect to D; we take 
fco £ N to be the minimum such k. 

First, suppose that fco > 2. Then there exists a £ C \ {0} such that 



as z — > 1 with z £ D. But, whatever the value of a, we can choose a sequence 
(z„) in ID with lim^oo z„ = 1 and 5ft(a(z„ — l) ko ) > for each n £ N. This 
implies that |/(£ n )| > 1 for all sufficiently large n £ N, a contradiction. 

Second, suppose that fco = 1. We must now use points outside D, and so, at 
this point, we regard g £ 21 as a function on K with / = 1 + g. We know that 



for A. 



f(z) = l + a(z-l) ko +o(\z-l\ k ") 
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there exists a <E C \ {0} such that 



f(z) = l + a(z-l)+o(\z-l\) 



as z -> 1 with z <E D. Now the set {z e C : - 1)) > 0} is a half-plane 

with 1 on the boundary line. In the case where a $ R + , we can choose a 
sequence (z n ) in D as before to obtain a contradiction. Thus we may suppose 
that a E K+. But now, by the choice of the set U, there is a sequence (x n ) in 
U with 5R(a(x„ — 1)) > for each n E N. By the construction of our algebra 21, 
we know that 



Thus 3?/(x„) > 1 for all sufficiently large n e N. It follows that \f(x n )\ > 1 for 
all sufficiently large n£N, and this is the required contradiction. 

(7) The conclusion. We have shown that 21 is a natural Banach function 
algebra on K such that -5*0(21) = U, the countable set of isolated points of K. 
Let z e U, with corresponding maximal ideal M z . Then M z is singly generated 
by the function 1 — S z , and so all maximal ideals corresponding to points of 
r (2l) are singly generated. However, 2t is not a finite-dimensional algebra. □ 
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